Abstract: We numerically study the underlying nonlinear dynamics of ultra-broadband optical wavelength converters based on fourth-order scalar modulation instability. Specifically, we demonstrate the spontaneous emergence of solitons and trapped radiation waves during the frequency conversion process, leading to significant blue and red spectral expansions. Furthermore, we provide a statistical analysis of both Stokes and anti-Stokes bands, showing their intensity histogram evolution as a function of the propagation toward the L-shape signature typical of rogue events.
Introduction
Optical fiber systems are well known to provide convenient platforms with which to investigate a large and diverse set of fascinating fundamental nonlinear phenomena [1] . Among the striking consequences of the interplay of dispersive and Kerr effects is the modulation instability (MI) [2] , entailing the exponential growth of a weak perturbation at the expense of a continuous or quasicontinuous pump wave. The amplified perturbation can be either quantum noise (i.e., spontaneous MI) or a frequency-shifted signal wave (i.e., induced MI). In the frequency domain, MI is equivalent to a four-photon parametric mixing process where two pump photons are annihilated to create a Stokes (signal)Vanti-Stokes (idler) photon pair.
MI is often associated with the anomalous dispersion regime where it has been intensively studied, especially in the context of practical applications to optical telecommunications. MI can indeed be used for broadband optical amplifiers or for optical wavelength converters [3] , [4] . However, MI is not restricted to the anomalous regime and the phase-matching condition required for the development of MI can also be fulfilled in a wide range of other experimental configurations, for example, in polarization maintaining fibers [5] , in bimodal fibers [6] or in normally dispersive fibers with an adequate fourth-order dispersion [7] , [8] . This later configuration combined with the use of photonic crystal fibers (PCFs) [9] has stimulated great attention, especially in view of the significant frequency shifts that can be achieved in wavelength conversion processes [8] , [10] - [12] . Potential applications based on silicon nanowaveguides have also been more recently reported [13] .
In this paper, we focus our attention on the spectro-temporal nature of both converted signal and idler. In particular, we report the spontaneous emergence of solitonic structures in the Stokes wave.
Those solitons are then affected by the intrapulse Raman response of the fiber and further shift toward higher wavelengths. Regarding the anti-Stokes wave, we also outline that an efficient optical trapping of dispersive waves mediated by solitons leads to spectral broadening toward shorter wavelengths. Furthermore, a statistical analysis of the peak-powers of both resulting signal and idler pulses highlights a Brogue-wave[-like behavior with pulses deviating strongly from the average behavior.
This article is thus organized as follows. We first describe the experimental configuration we numerically model. We then detail the spectro-temporal evolution of the Stokes and anti-Stokes signals. Finally, the statistical nature of the wavelength-converted waves is investigated.
Context, Model, and Parameters Used
In 2003, Harvey et al. have reported a new MI window by pumping a PCF in the normal dispersion regime [8] . Taking into account the dispersion up to the fourth order, the phase-matching condition can be simply written as
where 2 and 4 represent the second-and fourth-order dispersion terms, respectively, is the nonlinear Kerr coefficient, and is the spectral shift between signal or idler wave and the pump wave, which has an initial peak power P. With 2 9 0 (normal dispersion regime), this condition requires 4 G 0. If satisfied, two narrow sidebands will emerge far from the pump. Based on the fiber parameters provided in [8] , Fig. 1(a) illustrates the phase-matching conditions and enables to predict directly the wavelengths of the Stokes and anti-Stokes waves. Therefore, it is possible to convert a visible red pump (with a central wavelength of 647 nm) into blue and nearinfrared light (505 nm and 900 nm, respectively). Experimental spectra recorded by Harvey et al. after propagation on the slow axis of a 1-m-long PCF [8] are recalled in Fig. 1(b) . The two narrow sidebands observed at the expected wavelengths are a clear signature of MI induced by fourthorder dispersion. It definitely confirms the potential applications of this physical process as well as the benefits of PCF that combine an enhanced Kerr nonlinearity with a tailored dispersion profile. Note that recent works have demonstrated that with a careful design of the PCF structure it is possible to optimize the pump and Stokes/anti-Stokes wavelengths [10] .
The Stokes and anti-Stokes wavelengths experimentally recorded were in excellent agreement with Eq. (1). However, if we look in more details into the experimental spectrum, we can notice that the resulting MI bands are much broader that what could be expected from the stringent phase-matching conditions. More precisely, we can make out a small spectral peak located at the lower wavelength of the anti-Stokes pump as well as a significant broadening toward longer wavelengths of the Stokes. The physical origin of these spectral features has not been to our knowledge fully elucidated and several elements could provide a potential explanation. Indeed, one may suppose that the spectral expansion of the Stokes and anti-Stokes waves is somewhere related to longitudinal fluctuations in the core diameter or in the hole size [9] . It is indeed known that the resulting dispersion fluctuations are very harmful to the appearance of modulation instabilities and can affect significantly the gain and bandwidth of the fiber component [7] , [14] - [16] . Other potential explanations lie in the finite temporal width of the pumping that is not purely monochromatic or in the consequences of the Raman response of silica.
In order to provide a clear explanation, we numerically investigate the evolution of the optical wave in the fiber. The longitudinal evolution of envelope Aðz; T Þ of the electrical field is accurately modeled by the generalized nonlinear Schrö dinger equation (GNLSE) [17] , [18] :
where are the linear losses, i is the ith-order dispersion coefficient, is the nonlinear coefficient, and RðT Þ is the nonlinear response of silica including both the instantaneous Kerr response and the Raman delayed contribution. The optical self-steepening is also included through shock . The studied fiber has the following dispersive properties (for slow axis and at the pump wavelength): 2 ¼ 2:50 ps 2 :km À1 , and 4 ¼ À4:49 Â 10 À5 ps 4 :km À1 for an estimated nonlinearity of 160 W À1 :km À1 . The initial pulse corresponds to the experimental conditions, i.e., a 70-ps pulse having a peak power of 160 W. Noise is included in the frequency domain through a one photon per mode background. Further details of the numerical model can be found in [17] .
Our numerical results plotted in Fig. 1 (c) are in clear agreement with the experimental results and reproduce the aforementioned spectral broadening of the Stokes and anti-Stokes waves. Note that from shot to shot, the output spectrum exhibit significant changes. That is why we have averaged our results over a set of 50 Bshots[ in order to get something comparable to the experimental measurement which is physically averaged. We will further detail this aspect in Section 4 of the paper.
From these numerical simulations, the first conclusion we can draw is that longitudinal fluctuations are not involved in the development and location of the spectral substructures. Short-scale fluctuations can however explain the slight discrepancy observed in the level of the substructures between experimental and numerical results [15] . From complementary simulations based on a continuous wave, we have also carefully checked that, for the length of fiber under investigation, the finite picosecond duration of the pump pulse does not play a major role in the spectral evolution.
Spectro-Temporal Evolution
Now that the direct comparison with previously published experimental results has enabled us to confirm the validity of our modeling, we can gain important insights on the spectro-temporal dynamics undergone in the fiber device. We have plotted in Fig. 2(a) the spectral evolution as a function of propagation distance. Between 25 and 50 cm, the main feature is the growth of the two narrow sidebands typical of MI in the normal dispersion regime. After 50 cm of propagation, both spectral sidebands begin to continuously expand. From a practical point of view in the context of wavelength conversion, this means that the length of the fiber is a crucial parameter that should be chosen with care [10] , [19] .
For comparison, the longitudinal evolution recorded for a pumping in the anomalous dispersive regime with an identical absolute value of dispersion is plotted in Fig. 2(b) . It is clearly apparent that the usual well-documented scalar MI leads to sidebands that are much broader and closer to the pump. The resulting spectrum is also more compact. This then further confirms that the normal pumping scheme is a promising candidate for the generation of ultra-broadband supercontinua as several experimental works have recently reported [12] , [19] - [21] .
In order to clarify the physical origin of the spectral expansion observed in normally dispersive fibers, we have computed the spectrogram of a unique shot at different propagation distances (see Fig. 3 ). This kind of representation allows a convenient derivation of both temporal and frequency evolutions from the same data. The initial long pulse [see Fig. 3(a) ] is Fourier limited. At 50 cm [see Fig. 3(b) ], the two narrow Stokes and anti-Stokes sidebands correspond temporally to a strong modulation at the pulse center (top). This modulation breaks the quasi-continuous pump to obtain fundamental solitons [see Fig. 3(c) ] in the Stokes band which lies in the anomalous dispersion regime. These optical structures are ultrashort (temporal duration below 100 fs), which explains the broadening of the spectral Stokes band. In other words, the Stokes wave is far from being a coherent narrow linewidth signal and in the temporal domain, the peak power of the femtosecond solitons largely exceeds the peak power of the initial pump pulse. Let us remark that at this stage, the pump begins to be highly depleted so that the Stokes wave enters in a passive evolution not affected by MI amplification gain.
Once the broadband soliton formed and the pump depleted, the intrapulse Raman response is responsible for the progressive frequency shift [see Fig. 3(d) ] toward higher wavelengths (Raman soliton self-frequency shift effect [22] ). This was intuitively anticipated by Kudlinski et al. in [20] . Let us however stress that we have numerically found that cross-phase modulation (XPM) in this multiwavelength system was an additional key process taking part in the spectral expansion [12] , [23] , [24] . Regarding the evolution toward lower wavelengths of the anti-Stokes band, it is related to the phenomenon known as the radiation trapping by a soliton [25] , [26] . This causes the spectral broadening toward lower wavelengths linked to the continuous soliton shift toward higher wavelengths. Such a behavior has been identified as a promising candidate for continuous wave supercontinua toward visible wavelengths [27] , [28] . This is better illustrated in Fig. 4(a) which is a magnification of Fig. 3(d) . An optical structure located at T ¼ 43:3 ps can be clearly distinguished at the wavelength of 1050 nm. The details of the temporal intensity profile [see Fig. 4(b) ] are in clear agreement with the characteristic hyperbolic secant shape of a fundamental soliton as also reflected in the value of the soliton number N that has been estimated to 1.1. The associated trapped pulse in the normal dispersion regime temporally follows the soliton with a wavelength decreasing down to nearly 400 nm.
Note that solitons also appear in the vicinity of the pump. Indeed, XPM between the Stokes wave and the pump leads to MI [1] and spectrally broadens the initial signal so that it can enter in the anomalous dispersion regime.
Statistical Distributions
Spectrogram of Fig. 3 is based on a single numerical realization. However, as already suggested by the optical spectra of Fig. 1(c) , the obtained results differ markedly from shot to shot, which can be further noticed from the details the spectrograms obtained for two shots [see Fig. 4(a) and (c) ]. Consequently, one may wonder if extreme-values statistics similar to the ones that have been reported in usual MI-based supercontinua can be recorded. Indeed, it has recently been demonstrated that for an anomalous dispersion regime, the initial quantum noise can translate through scalar MI into large intensity fluctuations [29] - [34] . In this important open area of research, some preliminary links have been suggested with the infamous and destructive hydrodynamic rogue waves [29] , [32] .
In order to measure the statistical distribution of the properties of the emerging optical structures, we have run 250 simulations in the presence of different random noise at a level corresponding to 1% shot-to-shot fluctuations in initial peak power. Among the tens of solitons that emerge in the Stokes wave, we have systematically recorded, for different distances of propagation, the peak power of the most intense pulse. In order to isolate the Stokes wave and the associated solitons, we have numerically used a low-pass filter with a frequency edge at À75 THz. A similar analysis has been carried out for the trapped dispersive waves (with a high-pass optical filter having a frequency edge at þ140 GHz). Note that, under XPM-induced MI, the pump has also split into ultrashort structures and exhibits particularly apparent fluctuations [see Fig. 1(c) around 700 nm] . Indeed, the pump spectral broadening occurring after 0.75 m allows the soliton generation across the zero dispersion wavelength, and several rare events are characterized by a significant soliton self-frequency shift in the anomalous dispersion regime.
Resulting probability distributions are summarized in Fig. 5 . At 0.5 m [see Fig. 5(a1) ], peak powers are distributed nearly similarly around the median power, which corresponds to a close-to-Gaussian statistics. After 1 meter of propagation [see Fig. 5(a2) ], maximum peak power of the ultrashort pulses have increased by more than 10 dB, the distribution has significantly spread and a tail toward high power appears. Saturation of the amplification process is visible at 1.5 m [see Fig. 5(a3) ]. More interestingly, the tail develops so that the histogram exhibits the L-shape typical of extreme events [29] and several rare events present a peak power twice the median value.
If solitons and trapped dispersive waves do not present exactly the same statistics, it is clear from Fig. 5(b) that their behaviors are intimately correlated, as recently suggested in [33] . Indeed, the trapping effect works out in such a way that solitons with higher power and subsequent larger frequency shift (corresponding to rogue events in the Stokes band) induce larger blue shift of trapped dispersive waves. Let us however note that compared to [33] , due to quasi-continuous nature of the pump, the situation of the present study clearly demonstrates that rogue events can be induced by fourth-order scalar MI and simultaneously appear in the spectral domain symmetrically and far from the initial pump wavelength. Moreover, another process that also occurs in our configuration of quasi-continuous initial pumping is the collision between various optical structures evolving at different velocities [32] , [34] . 
Conclusion
In conclusion, we have carefully studied the process of wavelength conversion by fourth-order MI. Our numerical results show an excellent agreement with experimental results previously published [6] and lead to several major conclusions. First, our study allows us to highlight the emergence of ultrashort fundamental solitons experiencing Raman self-frequency shift. This red shift also induces a blue shift of the anti-Stokes band indicating the presence of an optical radiation trapping by solitons which could be used to reach lower wavelengths. Moreover, a statistical analysis has revealed the emergence of rare but intense pulses that deviate strongly from the average behavior and from a Gaussian statistical distribution. In particular, after a given distance of propagation, the L-shape signature of rogue events has been shown for both Stokes and anti-Stokes pulses. Indeed, these results also demonstrate that optical rogue waves can be induced by directly pumping in the normal dispersion regime with a quasi-continuous wave through a new window of MI. This work outlines that the present system also allows the generation of optical rogue waves in a third spectral region near the pump wavelength in the vicinity of the zero dispersion wavelength.
All those points are therefore crucial for the design of compact, stable, reliable and cost-efficient fiber format components for ultra-broadband wavelength conversion. In a wider context, it stresses once again the need of a careful research of potential extreme events that can emerge in optical amplifiers with instantaneous gain [35] - [37] . Furthermore, we believe our results provide some significant practical insights for an improved understanding of the initial formation of white-light supercontinua based on scalar 4th-order dispersion MI [20] , [21] .
